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Is the deformation space of complete affine structures on the 

2-torus smooth? 
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Dedicated to Alberto Verjovsky on his sixtieth birthday 

Abstract. Periods of parallel exterior forms define natural coordinates on 
the deformation space of complete affine structures on the two-torus. These 
coordinates define a differentiable structure on this deformation space, under 
which it is diffeomorphic to R 2 . The action of the mapping class group of T 2 
is equivalent in these coordinates with the standard linear action of SL(2, Z) 
on R 2 . 



1. Introduction 

Conformal structures on the 2-torus T 2 (elliptic curves) are classified by a 
moduli space, which is the quotient of the upper half-plane H 2 by the action of 
the modular group SL(2, Z) by linear fractional transformations. In other words, 
equivalence classes of elliptic curves correspond to orbits of SL(2, Z) on H 2 . Since 
H 2 /SL(2, Z) is not a smooth manifold, it is often easier to study properties of elliptic 
curves in terms of the action of SL(2, Z) on the smooth manifold H 2 . 

This note concerns the analogous question for complete affine structures on T 2 . 
A complete affine structure on a manifold M is a representation of M as the quotient 
of affine space A™ by a discrete group of affine transformations. Equivalence classes 
of such structures on T 2 identify with the orbits of SL(2, Z) on M 2 for the standard 
linear action of SL(2, Z) on R 2 . However, unlike the action on H 2 , this action is not 
proper and the quotient space is even more badly behaved. In particular it fails to 
be Hausdorff and since the action of SL(2, Z) on K 2 is ergodic |Zimmerl 2.2.9], it 
also enjoys a nonstandard Borel structure [Zimmer, 2.1.16], |Arvesonl §3]. 

The coordinates in H 2 , parametrizing elliptic curves, are defined by the periods 
of holomorphic 1-forms. Analogously, we use periods of parallel 1-forms to define 
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coordinates on the deformation space of complete affine structures on T 2 . These 
coordinates define a natural differentiable structure on this deformation space, un- 
der which it is diffeomorphic to R 2 . (Using a different approach Baues BanosCJl 
noticed that this deformation space is homeomorphic to R 2 .) 

Whereas every smooth deformation of elliptic curves is induced by a smooth 
map into H 2 , the analogous result fails for the deformation space of complete affine 
structures on T 2 with respect to the coordinates given by the periods of parallel 
1-forms. We provide an example of a smooth one-parameter deformation of an 
Euclidean 2-torus, in fact an affine fibration, which corresponds to a continuous 
curve in the deformation space which is not smooth in the origin. 

The complete affine structures on T 2 were classified by Kuiper |Kuiper] . In 
this paper we describe the moduli space of such structures. As is often the case in 
moduli problems, the moduli space can be made more tractable by introducing extra 
structure — in this case a marking, and the moduli problem for marked structures 
is simpler. Equivalence classes of marked structures form a space homeomorphic to 
the plane R 2 , which we call the deformation space. The moduli space — consisting 
of equivalence classes of structures (without marking) — is then the orbit space of 
R 2 by the standard linear action of SL(2, Z). 

That the deformation space of complete affine structures on T 2 is even Haus- 
dorff is in itself surprising. (The larger deformation space of (not necessarily com- 
plete) affine structures on T 2 is not Hausdorff.) 

Moreover, in our setup the group actions defining the moduli problem are not 
reductive, and hence the usual techniques of geometric invariant theory do not 
apply. Indeed, the affine structures discussed here all come from affine structures 
on abelian Lie groups which are invariant under multiplication, and the resulting 
automorphisms of the affine structure form a unipotent group. 

Benzecri jBenj (see also Milnor jMilnor) ) proved that the only compact ori- 
entable surface which admits affine structures is the two-torus T 2 . The classification 
of affine structures on T 2 up to affine diffeomorphism, initiated by Kuiper |Kuiper] , 
was completed independently by Furness-Arrowsmith |FurArr] and Nagano- Yagi 
[Nagano YagT] . 

According to Kuiper, the complete affine structures on the 2-torus fall into two 
types. Quotients of A 2 by translations we call Euclidean structures, since they 
admit compatible Euclidean (or flat Riemannian) metrics. The Levi-Civita con- 
nection of a compatible metric coincides with the flat connection associated to the 
affine structure. The Euclidean structures fall into a single affine equivalence class, 
which corresponds to the origin in R 2 . The other structures are more exotic, and 
do not correspond to Levi-Civita connections of a (possibly indefinite) Riemannian 
metric. 

The non-Riemannian structures can be characterized as follows. Let M be a 
marked non-Riemannian affine 2-torus. There is a parallel area form lom which we 
normalize to have area 1. Then there exists a vector field £a/, polynomial of degree 
1, such that the covariant derivative Cm = V{ m £m is a nonzero parallel vector field. 
Since parallel vector fields on M are determined up to multiplication by a nonzero 
scalar, we can normalize Cm by requiring that 



wm(£m, Cm) — 1- 
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Then the interior product 

VM ■= Km (wm) 

is a parallel 1-form on M, uniquely determined by the affine structure of M. The 
cohomology class 

[Vm] Gff^T^R) 

determines the equivalence class of the marked affine manifold M. As non-Euclidean 
structures converge to the Euclidean structure, this cohomology class approaches 
zero, and the period mapping extends to a homeomorphism of the deformation 
space of all complete marked affine structures on T 2 with M 2 . 

The case when the periods are rationally related, that is when [t)m] nes m 
R • i7 1 (T 2 ;Z), is particularly notable. In this case the parallel vector field Cm has 
closed trajectories, and the homology class of a trajectory is Poincare dual to [t]m]- 
Equivalently, t\m integrates to an affine fibration M — > S , where S 1 is given a 
complete affine structure. 

For every complete affine structure on T 2 there is a commutative group opera- 
tion on T 2 for which multiplication is affine. Thus every complete affine 2-torus M 
is a group object in the category of affine manifolds. Such objects correspond to 
associative algebras, providing an alternative approach to the classification. From 
this viewpoint, a marked complete affine structure on T 2 corresponds to a com- 
mutative associative nilpotent R-algebra, with a chosen basis corresponding to the 
marking. 

Similarly Matsushima [Matsushima] showed that the set of all complex affine 
structures on a fixed complex torus forms an affine algebraic variety, by identifying 
each structure with the associative algebra which is formed by the holomorphic 
vector fields of the torus under the covariant differentiation of the affine structure. 

As a related fact the deformation spaces of complete affine structures on (also 
higher dimensional) real tori are homeomorphic to a real algebraic set |BauesV] . 

In figure 1-9 we show various tilings of the plane which are obtained from affine 
group actions corresponding to different values of the period class. The software 
used for creating these pictures is available from W. Goldman at the Experimental 
Geometry Lab of the University of Maryland. 
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Figure 1. Period Class = (0,0) 




Figure 2. Period Class = (0.7,0) 




Figure 3. Period Class = (-0.7,0) 
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Figure 6. Period Class = (-0.5,-0.5) 
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Figure 7. Period Class = (0.7,1.2) 




Figure 8. Period Class = (-1.7,-1.9) 




Figure 9. Period Class = (-0.6,-1.5) 
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2. Generalities on affine structures 

Let A™ denote real affine n-space with an orientation. Let Aff(n) denote its 
group of orientation-preserving affine automorphisms. We use the standard linear 
representation. A™ is the affine hyperplane M" x {1} c and Aff(n) the 

subgroup of GL(n + 1; R) consisting of matrices 

(2.1) (A, b):= 

where A e GL(n) and b £ R n . The affine action is defined by 

(v,l) ^ (At, + 6,1). 

An affine structure on an oriented smooth manifold M is a maximal atlas of 
coordinate charts into A™ such that on overlapping coordinate patches the trans- 
formation is locally the restriction of an element of Aff(n). The manifold M to- 
gether with an affine structure is called an affine manifold. A local diffeomorphism 
N — ► M between affine manifolds is affine if it is related to affine isomorphisms by 
the local affine coordinate charts. Given a local diffeomorphism /, an affine struc- 
ture M determines a unique affine structure on N such that / is an affine map. 
Thus covering spaces, and the universal covering space M — ► M in particular, of 
affine manifolds are themselves affine manifolds. We shall assume for convenience 
that our affine manifolds are path-connected and oriented. 

Let M be an affine manifold. The affine coordinate atlas on M globalizes to a 
developing map 

dev : M — > A™ 

from the universal covering M into A™. This affine map determines the affine 
structure on M , and is uniquely determined (for a given affine structure) by its 
restriction to a coordinate patch. Conversely, any affine chart on a coordinate 
patch extends to a unique developing map. 

Let M be an affine manifold and p £ M. A affine germ at p is an equivalence 
class of affine diffcomorphisms 

U ^ i/)(U) c A™ 

where U is a neighborhood of p in M and ip(U) C A™ is open. Affine diffeomor- 

phisms U — * A™ and U' — > A™ define the same germ if and only if they agree 
on U nU'. Clearly Aff(n) acts simply transitively on the set of affine germs at 
p E M. Since an affine germ determines a unique developing map, the developing 
map of a affine manifold is unique up to composition with an affine transformation 
g e Aff(n). 

Deck transformations of M — > M act by affine automorphisms of M and define 

the affine holonomy representation m(M) Aff(n) for which dev is equivariant. 
The developing pair (dev, h) is unique up to the action of Aff(n) where Aff(n) acts 
by left-composition on dev and by conjugation on h. 

An affine manifold is complete if its developing map is a diffeomorphism. Equiv- 
alently, an affine manifold is complete if it is affinely diffeomorphic to a quotient 
space of A™ by a discrete group T of affine transformations acting properly on A™. 
An affine crystallographic group is a discrete subgroup of Aff(n) acting properly 
with compact quotient. The classification of complete affine manifolds up to affine 



A b 
1 
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diffeomorphism is equivalent to the classification of affine crystallographic groups 
up to affine conjugacy. 

Our goal is to construct a space whose points represent inequivalent affine 
structures on a given closed manifold S. Unfortunately such spaces are typically 
non-Hausdorff quotients of singular spaces which are not smooth manifolds. Thus 
we replace our goal with finding a smooth manifold (or at least a smoothly stratified 
space) with a group action, whose orbits represent affine diffeomorphism classes of 
affine structures on S. 

To compare different affine manifolds, define a marked affine manifold as an 

orientation-preserving diffeomorphism S — > M where M is an oriented affine man- 
ifold. The group Diff(S') of all orientation-preserving diffeomorphisms S — » S acts 
by composition with / on the set of affine manifolds which are marked by S: 

S ^ S ^ M. 

Two affine manifolds (/, M) and (/',M') marked by S are considered isomorphic 
if there exists an affine diffeomorphism ip : M — > M' such that <p o f = f ', they are 
isotopic if there exists an affine diffeomorphism tp : M — > M' such that <p o f and 
/' are related by a diffeomorphism in the identity component Diffo(S') of Diff(S'). 

Let Xq £ S be a basepoint, II : S — > S the corresponding universal covering 
space, and n = 7Vi(S, Xq) its group of deck transformations. Let (/, M) be an affine 
manifold marked by S. An affine germ [tp] at /(xo) determines a developing pair 
(dev, h), which is defined on S. This development pair depends only on the affine 
isomorphism class of the pair ((/, M), [if)]). 

Let Def (S, xq) denote the set of all affine isomorphism classes of pairs ((/, M), [?/>]) . 
One can alternatively think of Def (5, x ) as the set of developing pairs (dev, ft). 
Since the developing map dev determines the affine holonomy h, one can further 
regard Def (S,xq) as the set of developing maps of affine structures on S. Affine 
holonomy defines a map 

(2.2) Def (5, x ) ^ Hom(7r, Aff (n)) 

which is invariant under the subgroup Diffo(S f , xq) of Diffo(S') fixing Xq, since the 
elements of Diffo(S', xq) induce the identity map on tt = tti(S, xq). 

These spaces are topologized as follows. Give Def(S,xo) the C°°-topology of 
developing maps: a sequence of developing maps converges if and only if it and all of 
its derivatives converge uniformly on compact subsets. Give Def (S, Xo)/D\{fo(S, Xq) 
the quotient topology. If it is finitely generated, then Hom(7r, Aff(n)) is a real affine 
algebraic set, and has the classical topology. A sequence h m £ Hom(7r, Aff (n)) con- 
verges if and only if for all finite subsets {a%, . . . , ajv} C n, and all compact subsets 
K C A 71 , the restrictions of h m {<Xi) to K converge uniformly for i = 1, . . . , N. 

In these topologies, hoi is continuous. 

Thurston |Thurstonl| was the first to realize that hoi defines a local homeo- 
morphism 

Def(S,x )/Diff (S,a; ) ^ Homfa Aff(n)), 

that is, hoi is an open map and two nearby developing maps with identical holo- 
nomy are isotopic by a basepoint-preserving isotopy. See CaEpGr| IGoldmanGL 
Ka povichl ILok[ for further discussion of this general fact. 
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In general, the holonomy map Hoi is not injective, even if S is compact. The 
simplest example occurs when S = T 2 and the holonomy has cyclic image (covering 
spaces of Hopf manifolds). See Smillic Smillie , Sullivan- Thurston jSuThu| and 
Goldman GoldmanF for more exotic examples. 

However, the restriction of Hoi to complete structures is injective and identifies 
complete structures with their holonomy representations. 

Since tt is discrete, a representation h G Hom(7r, Aff(n)) defines a proper action 
if for all compact K\ , K2 C A™ , the set 

{a G tt I a(Ki) n K 2 ^ 0} 

is finite. If furthermore h defines a free action, then n is torsionfree. In particular 
the quotient A n /h{ir) is Hausdorff, the quotient map A" — ► A™ /h(ix) is a covering 
space, and A n /h(n) inherits a smooth structure from A™. 

Let Hom P! s(7r, Aff (n)) denote the subset of Hom(7r, Aff(n)) consisting of proper 
actions h such that the quotient A n /h(ix) is diffeomorphic to S. Let Diff°(S l , Xq) 
denote the subgroup of Diff(5', Xo) which induces the identity on ivi(S, Xq). 

Proposition 2.1. Let Def c (S,Xo) denote the subspace of Def(S,x ) corre- 
sponding to complete affine structures. Then the restriction 

Def c (S,x Q )/D\ff°{S,x ) ^ Hom PiS (7r,Aff(n)) 
is a homeomorphism. 

We sketch the proof. Let h G Hom p ,s(7r, Aff(n)). A diffeomorphism S — > 
A n /h{jt) defines a complete structure on S with holonomy h, showing surjectivity 

of Hoi. If S — -> M is a marked affine structure on M such that the holonomy h is 
the holonomy of a marked complete affine structure 

S A M 1 = A n /h{w), 

then the development map 

§ L M A™ 

descends to a local diffeomorphism S — > M' inducing the isomorphism 

7Ti(S,x ) — > m(M',f(x )) = h(w) 

defined by h. Since S is closed, the local diffeomorphism is a covering space and 
since iti(F) is an isomorphism, F is a diffeomorphism. The composition {f')~ 1 °F G 
Diff(S') induces the identity on iri(S,Xo). This completes the sketch. 

Evidently hoi is Aff (n)-equivariant, where Aff(n) acts by composition of the 
affine germ on Def (S, xq) and by conjugation on Hom(7r, Aff(n)). The space Def^S, x Q ) 
of isomorphism classes of marked affine manifolds (/, M) identifies with the quotient 
Def (S, xo)/Aff(n), and hoi defines a continuous map 

Def'(S,x ) — > Hom(7r,Aff(rc))/Aff(rc). 

Note that Aut(7Ti(S', xq)) acts on Hom(7r, Aff (n)) by right composition on homo- 
morphisms. Furthermore hoi is equivariant with respect to the Diff(S', xo)-action 
on Def(S,Xo) and the action on Hom(7r, Aff (n)) defined by the homomorphism 

Diff(S> ) — > Aut(7Ti(5,x )). 
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The space of isotopy classes of marked complete affine manifolds (/, M) identi- 
fies with the quotient 5) c (5) = Def^iS 1 , xo)/Diffo(5', xo) and is called the defor- 
mation space. The Diff(S l , xo)-action on Q C (S) factors through the discrete group 
7To(Diff(5, xo)) and the homeomorphism Hoi of Proposition ^. ll induces a surjective 
map 

!D c (S)/7ro(Diff(S,xo)) — » 

(Hom p , s ( 7 r,Aff(n))/Aff(n))/Aut(7r 1 (5,x )). 

The first space is the moduli space, consisting of affine diffcomorphism classes of 
complete affine manifolds which are diffeomorphic to S. In this paper we show 
that when S = T 2 , then this space identifies naturally with the quotient of R 2 by 
SL(2,Z). 

Example. In general, neither Def (S, Xo) nor Hom(-7r, Aff (n))/Aff(n) is Haus- 
dorff. Two-dimensional Hopf manifolds provide counterexamples. Namely the quo- 
tients 

"2 e 



M £ := R 2 -{(0,0)} / 



2 



n G Z 



are affine 2-tori. All the structures with e ^ are equivalent, but are not equivalent 
to Mq. In particular the equivalence class of Mi contains the equivalence class of 
Mo in its closure. 

Remarks. The conventions in this paper were chosen to simplify the discus- 
sion of our specific example: complete affine structures on T 2 . In general, one 
may to want to work with markings which are only homeomorphisms or homo- 
topy equivalences, or with manifolds which are not oriented (or nonorientable). We 
have chosen to work in the oriented differentiable category for convenience, thereby 
avoiding as many topological technicalities as possible. Similarly one may want 
to avoid the discussion of base-point preserving diffeomorphisms in discussing the 
mapping class group (see §2), but in the interest of brevity we have chosen the 
present approach to avoid the general complications. 

Also in the specific simple case S = T 2 which is treated in this paper, we 
have that Hom Pj s(7r, Aff(n)) coincides with the subset of Hom(7r, Aff(n)) consisting 
of all proper actions of w, and the condition on the quotient space is actually 
superfluous. In fact, if tt = Z 2 then A 2 /h{ir) must be diffeomorphic to the 2- 
torus from the classification of surfaces. (See jBauesV] for further discussion, and 
generalization to higher-dimensional examples.) Moreover, since T 2 is a surface, 
Diff (T 2 ,x ) = Diff°(T 2 ,x ), see §2. 

Connections. An affine structure is equivalent to a flat torsionfree affine con- 
nection. Recall that an affine connection is a covariant differentiation operation on 
vector fields 

Vect(M) x Vect(M) Vect(M) 

(X,Y)^V X (Y) 

which is R-bilinear, and for / S C°°(M), satisfies 

VfxY = fV x Y, V x {fY) = fV x Y + (Xf)Y 



IS THE DEFORMATION SPACE SMOOTH? 



11 



(where Xf G C°°(M) denotes the directional derivative of / with respect to X). 
The connection is torsionfree if and only if 

V X Y - W Y X = [X, Y] 

and flat if and only if 

VxVy- V F V X = V [x ,y]. 

Conversely any such affine connection arises from an atlas of locally affine coordi- 
nates as above. (Compare jKNj.) 

Covariant differentiation extends to other tensor fields by enforcing identities 
such as the following. For example, if 77 is a 1-form, and X G Vect(M), then Vj(rj) 
is the 1-form defined by: 

(V x (v))(Y) = Xr 1 (Y)-r 1 (V x Y). 

for all Y G Vect(M). If 771,772 are 1-forms, then 

Vx(t?i A 772) = V x (t7i) A 7/2 - 7/1 A 

(and linearity) defines \7xV for any exterior 2-form 77. 

A tensor field 77 is parallel if \7xV — for all Y G Vect(M). Equivalently, 
in local affine coordinates the coefficients of 77 are constants. More generally 77 is 
polynomial of degree < r if and only if 

V Xl ■ ■ ■ V Xr+1 (77) = 
for all Xt, . . . , X r+1 G Vect(M). 



3. The two-torus T 2 



Let S be the two-torus T 2 , that is the quotient space of R 2 by the action of the 
integer lattice Z 2 C M. 2 by translations. The quotient map 



S = 



= T 2 



is a universal covering space, thereby providing global Euclidean coordinates for S. 
Let the image of the origin £ I 2 be the basepoint xq G T 2 . 
A developing map for T 2 is thus a local diffeomorphism 



o2 dev . 



A 



which is equivariant with respect to the translation action of 7r = Z 2 on R 2 , and an 
affine action defined by a homomorphism p : n — > Aff(2): 



777 1 

m 2 



(7i) mi (72) r 



where j$ = p(cti) for i — 1, 2 and 





1 




"0" 







, OL-2 = 


1 



generate the fundamental group 7r = Z 2 . 
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The modular group. The mapping class group of T 2 is particularly tractable. 
Every orientation-preserving diffeornorphism T 2 — > T 2 is isotopic to a basepoint- 
preserving diffeornorphism, and every isotopy between basepoint-preserving diffeo- 
niorphisms can be deformed to a basepoint-preserving isotopy. Furthermore the 
natural map 

U\ft{S,x ) — ► Aut(7ri(£,a:o)) 
corresponds to an isomorphism 

^ (Diff(T 2 )) ^ Aut^r 2 ,^)) S SL(2,Z). 

See §6.4 of Stillwell [StillwelT] for discussion. 

SL(2, Z) is explicitly realized by linear diffeomorphisms of T 2 as follows. A 
matrix A £ SL(2,Z) defines a linear automorphism of R 2 which normalizes the 
action of integer translations Z 2 . Thus A induces a diffeornorphism of the quotient 
T 2 = R 2 /Z 2 , which preserves the basepoint Xq. Thus the extension 

1 — ► Diff (T 2 ) — > Diff(T 2 ) — > 7r (Diff(T 2 )) SL(2,Z) — > 1 

is split. 

4. Complete affine structures on T 2 

Euclidean structures. Since translations of R 2 are affine transformations, Z 2 
acts as an affine crystallographic group and T 2 inherits a complete affine structure 
from the structure of R 2 (its universal covering) as a vector space. The generators 
7i , 72 are translations by linearly independent vectors in R 2 spanning a lattice in 
R 2 . Furthermore any two lattices in R 2 are equivalent by a linear automorphism of 
R 2 , so different lattices in R 2 define affinely diffeomorphic structures. This affine 
structure is called the Euclidean structure since it supports more refined geometric 
structures modelled on Euclidean geometry. (Of course, most linear automorphisms 
will not preserve this more refined metric structure.) 

The affine equivalence class of the Euclidean structure will be the origin in the 
deformation space. The mapping class group SL(2,Z) fixes this affine equivalence 
class. 

Simply transitive affine actions. However, T 2 carries many other non- 
equivalent affine structures. These structures are not subordinate to Riemannian 
metrics, so we call them non- Riemannian. All the structures arise from simply 
transitive unipotent affine actions, and we briefly review the general theory. 

By Smillie jSmilliej or Fried- Goldman-Hirsch jFGHj . any proper affine action 
of an abelian (or, more generally, nilpotent) group is unipotent. That is, the linear 
parts are unipotent linear transformations. Equivalently the corresponding ele- 
ments of GL(n + 1) are unipotent. Furthermore a subgroup consisting of unipotent 
elements is conjugate to the upper triangular unipotent subgroup of GL(n + 1). 

If r c Aff(n) is an affine crystallographic group which is nilpotent, then there 
exists a unique simply connected unipotent subgroup G of Aff(n) containing V which 
acts simply transitively on A". Indeed, G is the algebraic hull of Y in Aff(n), that 
is, the Zariski closure of Y in Aff(n). 

Let 2 denote the Lie algebra of G. The exponential map g G is a diffeo- 
rnorphism. 
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For any p G A™, the composition 

is a polynomial diffeomorphism of the vector space q with the afhne space A™, 
where. 

G A™ 

.9 1 — * gip) 

denotes evaluation at p G A™. Hence any two unipotent afhne crystallographic 
actions of a group T are conjugate by a polynomial diffeomorphism of A™ f |FG| . 
Theorem 1.21). 

Furthermore this implies that the de Rham cohomology of the quotient M = 
A"/r is computable from the cohomology of polynomial exterior differential forms 
on M f |GoldmanC| \ Since T-invariant polynomial tensor fields on A™ are invari- 
ant under the algebraic hull G, every tensor at the origin p G A™ extends uniquely 
to a T-invariant polynomial tensor field on A". Conversely, any two T-invariant 
polynomial tensor fields which agree at p are equal. Thus the space of polynomial 
vector fields on M identifies with the tangent space T p A n = M. n , the space of poly- 
nomial 1 — forms on M identifies with the dual space T*A n — (R™)* . Since a 
unipotent subgroup of Aff (n) preserves volume, the top-dimensional cohomology is 
represented by a parallel volume form. 

Here is an explicit construction for n — 2. Every unipotent subgroup is con- 
jugate to a subgroup of the multiplicatively closed affine subspace 1 + 013 C GL(3) 
where 

, * * 
^3'.= \ * 

L [o 

is the subalgebra of strictly upper triangular matrices. The algebra satisfies 
9T3 3 = 0, and thus the exponential and logarithm maps are given by: 

1 + 013^*3 

7^ (7-1) -5(7 -I) 2 



and 



a 1 — > 1 + a + —a 



2 



respectively. If 7 G 1 + OT3, then 
7" 1 = exp I m log(7) 



I -f ,„ ( (7 - 1) + \{l - I) 2 ) + m 2 Q( 7 - l) 2 



Taking m to be real extends this to a definition of the unique one-parameter sub- 
group in 1 + OT 3 containing the cyclic group (7). 
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In particular if 71 , 72 £ 1 + ^3 generate an action of Z 2 , then 

7 r 7 r = 1 + mi ((7i - 1) + 5(71 - l) 2 ) + m 2 ((72 - 1) + 5(72 - 1) 2 ) 

+ n^i 2 Q(7i - I) 2 ) + rmm-t ^(71 - l)(7a - 1)) 

(4.1) +m 2 2 Q( 72 -l) 2 ) 

for rni,TO2 G Z. Taking mi,m 2 £ M defines the extension of a unipotent Z 2 - 
action to a unipotent K 2 -action. (This is a special case of the Mal'cev extension 
of a finitely generated torsionfree nilpotent group to a 1-connected nilpotent Lie 
group. See Mal'cev |Malcev| . or Chapter II of Raghunathan Ra ghunathan| for 
the general construction.) For the application to complete afiine manifolds with 
virtually polycyclic fundamental group, see §1 of |FG| . 

Non-Riemannian structures. Let f el. The mappings 

A 2 ^ A 2 



X 




~x + ey 2 /2 


y_ 




y 



define a one-parameter subgroup of polynomial diffeomorphisms of A 2 . 
For (s, t) 6 K 2 , let T s .t denote translation by (s,t): 

A 2 ^A 2 



X 




X + s 


y_ 




y + t_ 



$ e conjugates translations to the afiine action R 2 — ^ Aff (2) defined by: 



(4.2) 



P< 





s 




X 


( 


t 


)■ 


y 



x + eyt + (s + et 2 /2) 
y + t 



(4.3) 



In the standard linear representation (|2.1fl . this afiine representation equals: 

1 et s + et 2 /2~ 
1 t 
1 



Automorphisms. The polynomial one-parameter group $ e on A 2 interacts 
with three linear one-parameter groups on on A 2 : 

• Dilations defined by 

(4.4) 

for A > 0; 

• Shears defined by 



X 




'X 2 x 









(4.5) 



X 




x + uy 


})_ 




y 



for «eK; 



IS THE DEFORMATION SPACE SMOOTH? 



15 



Homotheties defined by 



X 




Xx 


_y_ 







(4.6) 



for A ^ 0. 

Dilations and shears commute with $<;, while homotheties conjugate the various 
elements of the one-parameter group $: 



(4.7) 



(hxY 



(14.7(1 implies that if e ^ 0, then the group p e (M. 2 ) is affinely conjugate to pi(R 2 ). 

When e ^ 0, different lattices in R 2 give inequivalent afhne structures (unlike 
the Euclidean case e = 0). The map <fr e is a polynomial developing map for this 
structure. 

Every complete affine structure on T 2 arises from this construction. 
Denote the group of orientation-preserving linear automorphisms of R 2 by 
GL+(2,R). Given 

si s 2 



R = 



t-2 



e GL(2,: 



and t £ I, we define a marked affine manifold (/, M) as follows. Represent S = T 2 
as A 2 /it, where 71 = 1? acts by integer translations. Then <£> e defines a developing 
map 



(4.8) S = 

and a holonomy homomorphism h ■■ 



c2 /=* e ofl 



A 



Aff(2) 









TO 2 





m\Si 



m 2 s 2 
m 2 t 2 



The corresponding affine manifold M is the quotient A 2 /ft.(7r) and the marking / 
is the diffeomorphism induced by / above. 

The Mal'cev construction (|4.1|) extends every proper affine action of Z 2 on A 2 
to a simply transitive affine action of R 2 on A 2 . By Kuiper |Kuiper | , Fu rness- 
Arrowsmith |Fur Arr) . Nagano- Yagi Naga no Yagi| , Fried-Goldman |FGj . this 
subgroup is conjugate to the subgroup 



(4.9) 



Gi :-Pi(R 2 ) 



t 2 /2 



s,t e 



The affine representations p e define simply transitive affine actions and the evalu- 
ation map 

G = R 2 — > A 2 

is the developing map for an invariant affine structure on the abelian Lie group G. 

The automorphisms of the affine structure of G which normalize the multipli- 
cations in G are induced by the normalizer Norm + (Gi) of the image of G in Aff(2). 
This normalizer is generated by two commuting one-parameter subgroups S\ of 
dilations and shears a u defined in l|4.4|l and 1|4.5|) respectively. 
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When e = 0, the corresponding normalizer is larger: in this case the normalizcr 
of the translation group is the full affine group. Every automorphism of the vector 
group R 2 is an element of GL(2,M). 

It follows that the two pairs (ei,Ri) (where i = 1,2) determine the same point 
in £ C (T 2 ) if and only if: 

• ei = £2 = 0; or 

• ej 7^ for i = 1, 2 and 

(4.10) R 2 = (-) SxauRt 



C-2 



for some A > and u e 



Polynomial tensors. An oriented non-Ricmannian complete affine 2-torus M 
admits a unique parallel area form lom of area 1, as well as a unique parallel 1-form 
r\M satisfying the conditions of the following Lemma. We call tjm the canonical 
parallel 1-form on M. 

Lemma 4.1. Let M be a 2-torus with a non-Riemannian complete affine struc- 
ture and parallel 2-form ujm such that 

(4.11) f ljm = 1. 

JM 

Then there exists a unique parallel vector field Cm such that 

Cm = V^ m £m 
for a polynomial vector field £ M and 

(4.12) w m (Cm,£m) = 1. 
There is a unique parallel 1-form rjM such that 

(4.13) Vm = H m {u)m) 

where i denotes interior multiplication. Furthermore £m is unique up to addition 
of a constant multiple of Cm ■ 

PROOF. Choose coordinates so that M = A 2 /L where r C G\ is a lattice. 
Dilations distort area by 

(5\)*dx Ady = X 3 dx A dy, 

so replacing T by JaLiJ^ 1 , we may assume that 

ui = dx A dy 

induces an area form on M with area 1. 

The L-invariant polynomial vector fields on A 2 are G\ -invariant, and 

d d d 

£ := 1T +X ir> £ := IT 
ay ay ox 

is a basis for the T-invariant polynomial vector fields on A 2 . Every parallel vector 
field is a constant multiple of C- Furthermore £, C, w satisfy: 

(4-14) V € £ = C, w(C,0 = l- 

Let £m, Cm be the vector fields on M induced by ^, C respectively. This establishes 
existence. 
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Every polynomial vector field is of the form 
(4.15) £' = a£ + &C 

and determines a parallel vector field 

which satisfies 

Thus the coefficient in (14.15(1 is a = 1 and conditions 1(4.14)) uniquely determine 
C' = C- Finally 1)4.13)1 uniquely determines t\m- □ 

5. Periods as parameters 

Let (/, M) be a marked complete affinc 2-torus such that M is non-Riemannian. 
Let t\m be its canonical parallel 1-form. Let ai,a^ S 7r be the standard basis for 
7r = Z 2 . The pair 

p:= p(/,M) := (tx.taJeR 2 

where 

*i = / /* 7 ?M 



for £ = 1,2, is an invariant of (/, M). Call p(/, M) the period class of (/, M). If M 
is Euclidean, define p(/,M) to equal (0,0). 

Lemma 5.1. I/iVf is non-Riemannian, the period class p(/, M) is nonzero. 

Proof. Suppose that p(/, M) = 0. Since the images of ai, «2 generate Hi(M), 
the cohomology class [t)m] S if 1 (M;K) is zero and t\m is exact. Thus T)m = dip 

for a smooth function M — ► R. Since ?7m is nowhere vanishing, ?/> is a submersion, 
contradicting compactness of M. □ 

Since the value of the period class depends only on the cohomology class of 
f*VM, the map p : [f,M] i— ► p(f,M) is well defined on isotopy classes of marked 
tori. 

Theorem 5.2. The period mapping 

£> C (T 2 ) R 2 

is a homeomorphism. 

Proof. Suppose that (/, M) is a non-Riemannian marked torus, defined by 
parameters (e, R) elx GL + (2,R), e ^ 0, as in 1)4. 8|l . Since <& e is area-preserving 
da; A <iy induces an area form on M which has total area A = Si<2 — S2^i ■ Therefore 
% is the area form on M induced by 

oj = A~ 1 dx A dy. 

A basis for the G e = p e (R 2 )-invariant polynomial vector fields on A 2 is 

dy ^ dx' dx 

and we compute c G R for which 
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induces polynomial vector fields £m , Cm satisfying (|4.14(l . Define 
so that w(f,C) = A _1 c 3 e. Thus lj4"T2"jl implies 

so the canonical vector field, and canonical parallel 1-form on M are represented 

by 



C = A 2 / 3 e 1 / 3 



J9_ 



1/3 



A dy 



respectively. The period class for [/, M] is 
(5.1) p 



p is surjective: We construct an inverse q to p as follows. Let k = (fcj^fea) £K 2 . 
Define 

fc 2 — fci 



(Sf 






.*a. 



(5.2) 
where 



i?k := llkl 



k\ fc 2 



||k|| = V(fci) 2 + (fc 2 ) 2 

as usual. Then 

* k := (Rk)- 1 o $x o fl k = (Qk)- 1 o $|| k || 3 o Q k 
is a polynomial developing map, where Q k is the orthogonal matrix 



Q k := IlkH" 3 ^ = 
when k ^ 0. (Compare 14.7|l .) Explicitly, 



fc 2 /||k|| -fci/||k| 

MN VIIMI 



(5.3) 



X 


*k ) 


X 


..'/_ 




y. 



+ ^(hx + k 2 y) 2 



k 2 
-fci 



so ^k depends smoothly on k e I 2 . Thus in particular k i — > M/k defines a map 

R2 _!» £) C (T 2 ) 

which is continuous. 

Note also that ^P^ 1 = \&_k- Hence the corresponding holonomy representation 

(5.4) h k = * k T*_ k 

depends smoothly on k. Furthermore ft. k equals the conjugate of h^ e ^ by R~ , 
where 

e= ||k|| 3 , fl = Q k - 
By l]5.ip . the period class of q(k) equals k. Thus the composition 

(5.5) R 2 ^> £ C (T 2 ) 4 M 2 
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is the identity map on R 2 , and p is surjective. 

Note also that q is surjective. Indeed, since every element R E GL+(2,R) 
decomposes as a product of an orthogonal and an upper-triangular matrix, (|4.1U|) 
implies that every element of D C (T 2 ) may be represented by a holonomy representa- 
tion with parameters (e,Q), where Q S 50(2) is an orthogonal matrix. Therefore, 
(|5.5(l shows that q is a continuous bijection onto S) C (T 2 ). 

p is continuous: It follows from (|5.3(1 that the set S = {^k | k G R 2 } is closed in 
the space of development maps Def c (T 2 ), and hence S) C (T 2 ) carries the quotient 
topology from S. Since q is a bijection, S is actually homeomorphic to S C (T 2 ). 
Write * k = ^>l). Since 

r~Q2 r^2 

p : S — > R 2 is continuous. Therefore, p is a continuous function on the deformation 
space as well. 

p is injective: Let [(/, M)] be a point in in D C (T 2 ). If p(/, M) = 0, then by 
Lemma IS~T1 M must be Euclidean. All Euclidean structures correspond to a single 
point in D C (T 2 ). 

Now suppose that M is non-Ricmannian. Since q is a bijection onto D C (T 2 ), 
the composition l|5.5fl implies that p is injective on non-Riemannian structures as 
well. 

It follows that p is a homeomorphism with inverse q. □ 

The moduli space. The moduli space of complete affine structures on T 2 is 
obtained as the quotient space of D C (T 2 ) by the mapping class group 7ro(Diff(T 2 )). 

Explicitly, the action of the modular group SL(2, Z) on J) C (T 2 ) = R 2 is given 
as follows. Let (/, M) be an affine manifold marked by S = T 2 , and <fi A the 
diffcomorphism of T 2 which corresponds to A G SL(2,Z). Then the action of A on 
£> C (T 2 ) is represented by (/, M) i-> (/ o c/> A , M). 

Lemma 5.3. 

p(/o^,M)=^*(p(/,M)) 

Proof. We assume that / : A 2 — > A 2 is of the form <& e oi?, for some linear map 
R G GL(2,R) with determinant 1. By ijPjl . p(/,M) = ei(ti,i 2 )*, where (ti,t 2 ) is 
the second row vector of R. Then 

f7f A = foA = ^ e oRA, 

and P (fo4 >A ,M)=eiA t (t 1 ,t 2 ) t =A\p(f,M)). □ 

Thus the moduli space identifies naturally with the quotient of K 2 by SL(2, Z). 

Differentiable families. We construct a differentiable family of complete 
affine tori over the deformation space: For k G R 2 , we let : Z 2 — > Aff(2) denote 
the holonomy homomorphism for the developing map (see proof of Theorem 
E3- We let Z 2 act on R 2 x A 2 via 

7 : (k,v) h-> (k, h k (j)v) . 

By (j5.4(l . Z 2 acts differentiably (in fact by polynomial diffeomorphisms), and the 
quotient space J 7 is a differentiable manifold, and a torus-bundle over R 2 via the 
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projection onto the first factor. This bundle is trivial as a differentiable torus 
bundle. The diffeomorphism (k, v) t— » (k, 'l'k(f)) induces an explicit trivialization 

R 2 x T 2 -> T . 

The bundle T —> R 2 admits a system of locally trivializing charts in R 2 x A 2 
which define an affine structure on the fibers, giving a differentiable family of affinc 
manifolds over R 2 (see H23 for the definition of differentiable family of complex 
manifolds). Each fibre of the corresponding differentiable family 

T — » £ C (T 2 ) 

is a marked complete affine torus which represents its base-point in the deformation 
space. 

Not every differentiable family of complete affine tori is induced by a smooth 
map into the deformation space. Indeed, for a£l, let us consider the development 
map <& a : R 2 —> A 2 defined by 



X 




X 


1 2 


"0" 












y. 




v. 




a 



Then <I> a , set, constitutes a differentiable family of developing maps, and there 
is a corresponding differentiable family of affine manifolds 

£ — ► K 

where each fibre £ a , a £ R, is a complete affine torus marked by $ Q . (Since 
the parameter a enters linearly, the family £ — > R defines an affine fibration, see 
Tsemoj.) The corresponding curve R — > J) C (T 2 ) is a line in R 2 , parametrized by 

a h- p(f a ) = (0, -a 1 / 3 ) . 

It is not smooth in a = 0. 

As mentioned in the introduction, such a phenomenon can not happen for 
deformations of elliptic curves and their induced maps into H 2 , see jKS, Theorem 
14.3]. 
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